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NPT Monte Carlo classical computer simulations were performed to study the structure and thermal
equilibrium properties of Lennard-Jones clusters. Three sizes were considered in the study, with 38,
42, and 50 atoms, temperatures from 0.1 to 0.5 and pressures from 0 to 20 (in reduced units). For
the three clusters we observe a discontinuity in the slope of the isotherms that corresponds to a
rearrangement of the atoms in shells inside the cluster. For the cluster of 50 atoms we found a peak
in the specific heat at a temperature T = 0�26 and pressure P = 1. This finding is consistent with
the predictions of other authors. According to the characteristics of the radial distribution function,
this peak is related to a liquid–solid phase change.
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1. INTRODUCTION

The investigation of properties of small clusters is a sub-
ject of great theoretical and experimental interest.1–12 The
recent developments in nanotechnology gave new incentive
to the study of clusters with diameters in the nanometer
range (nanoclusters). The properties of such nanoclusters
are very different than the properties of the bulk because
of the large surface/volume ratio in the clusters. Numerous
studies were carried out to predict the melting tempera-
ture and mechanisms of clusters. For example, Franz3 per-
formed Monte Carlo (MC) calculations for confined Argon
clusters with 25 to 60 atoms finding that the specific heat
has one or two peaks at different temperatures, one of
which may be associated with solid–liquid phase-changes.
Ding et al.4 performed Molecular Dynamics (MD) studies
of free and supported iron clusters finding estimations of
the melting temperatures based on the Lindemann crite-
rion. Studies with many-body potentials and MD for the
alkali metal nanoclusters also reported melting tempera-
tures based on the Lindemann criterion.5 Recent MD tight-
binding approaches to describe the dynamics of calcium
nanoclusters, also used this criterion for estimates of melt-
ing temperatures.6

The focus of this work concerns studies where the inter-
actions that keep a cluster together are the van der Waals

∗Author to whom correspondence should be addressed.

forces between atoms. For rare gases this force is well rep-
resented by the pair-wise additive Lennard-Jones potential
(LJ) given by

ULJ�r�= 4�
{
��/r�12 − ��/r�6

}
(1)

where � and � are parameters of the potential and r is the
interatomic distance. Computer simulations have served
for extensive studies of bulk LJ systems and the phase
diagram has been determined.13 On the other hand, size
dependent phase diagrams of nanoclusters are still lacking,
even for simple models such as the LJ. Studies of systems
interacting via the LJ potential usually employ reduced
units (units of energy, length, and pressure equal to �, � ,
and �/�3, respectively). In the rest of this article we will
use this set of units. For example, for bulk LJ the melt-
ing temperature (Tm ) is 0.68 at P = 0
01 and at higher
pressures Tm increases linearly with P .

At high temperature and low pressure clusters tend to
disaggregate by evaporation. To prevent this phenomenon
and make possible the computation of equilibrium proper-
ties, in most MC simulations the cluster is confined into
a rigid box and consequently the results depend strongly
on the size of the box.3�7�8�12 In this work we study free
clusters, i.e., without confinement, using the isothermal
isobaric Monte Carlo (NPT-MC) method. The NPT-MC is
commonly used to study systems in the vicinity of phase
transitions and to simulate a situation that resembles the
conditions of the experiment, which are fixed external T
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and P . In our simulations T and P are input parameters,
while the volume V �T �P� and the energy E�T �P� are
outcomes of the calculation. Based on these T , P depen-
dent properties we compute the specific heat and other
thermodynamic properties.

This article is organized as follows. In Section 2 we
discuss the thermodynamic properties of the clusters, in
Section 3 we focus on the structure and in the last section
we present our conclusions.

2. THERMODYNAMIC PROPERTIES OF
LJ CLUSTERS FROM NPT MC
CALCULATIONS

In the NPT Monte Carlo the volume of the system fluc-
tuates to ensure the condition of constant pressure. In
each MC step, the possible moves include the expansion
or compression of the system that is done randomly in
the same way the atoms are shifted. 14In our calculations
we did approximately 4 × 106 MC moves and the ratio
between volume moves to atoms shifts was fixed at 10%.
The MC step was dynamically adjusted to keep an accep-
tance rate of about 50% along the runs.

The volume of the cluster was computed in terms
of the root-mean-square radius R = �r2�1/2 as V =
4/3��5/3�3/2R3, where r is the position of each atom
with respect to the center of mass. This last equation is
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Fig. 2. Pressure (a), energy per particle (b), and energy per particle fluctuations (c) as functions of � for clusters LJ38 (left column), LJ43 (center
column), and LJ50 (right column) along the T = 0
1 isotherm.

(b)

(c)

(a)

Fig. 1. Global-minimum configurations for LJ clusters with (a) 38,
(b) 43, and (c) 50 atoms.

exact for the case of a uniform sphere. The number den-
sities � = N/V obtained with this formula for the global
minimum configurations (g.m) of LJ38, LJ43, and LJ50 are
1.126, 1.06, and 1.09, respectively. The g.m is the structure
with lowest potential energy at zero temperature, and can
be found in the Cambridge Cluster Database.15 In Figure 1
we display the g.m. for N = 38, 43, and 50. The energy
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per particle of the g.m.’s are −4.58, −4.706, and −4.89
for N = 38, 43, and 50, respectively.

The equilibrium properties of the clusters at different
pressures along various isotherms were studied first. The
initial configuration is set in a cubic lattice with lattice
constant equal to one. If a solid–liquid-like phase change
takes place at a given pressure, there would be signatures
like discontinuities in the slope of the PV isotherms as
well as the energy per particle. Plots in Figure 2(a) depict
the PV isotherm at T = 0
1 for the clusters LJ38(left), LJ43

(center), and LJ50 (right). We see that for this cluster there
is an abrupt change in the slope of P�V � at � = 1
093
(central plot in Fig. 2(a)).

The fluctuations of the energy per particle were also
examined,

�e = ��e2�−�e�2�1/2 (2)

where �e� = �total potential energy�/N . In the regions of
phase transitions the fluctuations are usually enhanced. In
Figures 2(b) and 2(c), the average energies and their fluc-
tuations are shown for the three cluster sizes (38, 43, 50)
at the same temperature of T = 0
1. It is visible that for
the LJ43 (Figs. 2(b), (c) center) the discontinuity in the
slope of the PV isotherm is accompanied by a step up in
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Fig. 3. For a cluster LJ50, pressure (top), energy per particle (center), and energy per particle fluctuations (bottom) as function of � along the isotherms
T = 0
2, 0.3, and 0.4 from right to left.

the energy per particle and a peak in the energy fluctua-
tions. A less pronounced, similar pattern is observed in the
cluster LJ38 at �= 1
125.

For the 50-atom cluster, as shown in Figure 2 to the
right, the PV isotherm PV is smooth and there are no sig-
nificant features in the energy per particle or energy fluc-
tuations at this low temperature. However for this cluster
size, the discontinuous slope in PV isotherms reappears at
higher temperatures, as seen in Figure 3 for the isotherms
T = 0
2 to 0.4 where the kink is apparent at densities 1.14,
1.03, and 1.12 for T = 0
2, 0.3, and 0.4, respectively. The
effect is more evident for the higher temperatures.

For the case N = 50, other thermal properties were also
studied, such as the temperature dependence of the equi-
librium properties at a fixed pressure. Figure 4 illustrate
results of the energy per particle and the cluster density as
a function of the temperature for P = 1 and 10. For P = 10
the curves are monotonic, while for P = 1 there is a jump
at T = 0
26. Additionally, the specific heat per particle at
constant pressure, CP , was calculated from

CP/kB = 3/2+ ��e/�T �P − �P/�2����/�T �P (3)

where the first term accounts for the kinetic energy contri-
bution per particle, which is not included in e. The results
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Fig. 4. For the N = 50 cluster, energy per and particle (bottom) and
density (top) as a function of temperature at P = 1 (solid line) and P = 10
(dashed line).

are presented in Figure 5. For P = 1 we see a peak asso-
ciated to the step in the energy and density shown in
Figure 4, at T ∗ = 0
26. No peak is present at P = 10.

Franz3 reports a peak in the CV at a similar temperature
(0.25) for Ar50. Similar results are reported by Frantsuzov
et al. though at a slightly lower temperature. Both authors
relate the peaks to a melting process. In order to explore
this possibility, in the next section we look at the structure
of the cluster around at temperatures around T ∗.

3. EFFECTS OF THE PRESSURE AND
TEMPERATURE ON THE STRUCTURE OF
THE LJ CLUSTERS

Static structural changes were studied with radial distribu-
tion function (RDF) g�r� defined as

g�r�= V /N 2��i�j>i��r− rij �� (4)

The results are displayed in Figure 6 for the cluster LJ50

at temperatures T = 0
0, 0.2, and 0.3. At T = 0
0 the RDF
reflects the structure of the global minimum, with a char-
acteristic main peak at r = 1
1 followed by well-defined
secondary peaks. This structure is not lost at T = 0
2, yet
disappears at T = 0
3 where the function g�r� has the
aspect of a liquid-like phase with a double-hump second
peak and a third peak at r = 2
8. There is clearly a qualita-
tive change in the RDF as the temperature increases above
T ∗ = 0
26. This supports the conclusion that the peak in
the specific heat CP is associated to a solid–liquid phase
change.
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Fig. 5. Specific heat CP per particle as a function of the temperature
for P = 1 (solid line) and P = 10 (dashed line), N = 50.

Returning to the question of correlating the sudden
change of slope of the curves P�V � seen in Figures 2
and 3 with melting, comparison was made among the
RDF’s above and below the pressure at which the kink
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Fig. 6. Radial distribution function for the cluster LJ50 at P = 1 and
temperatures indicated in the legend.
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Fig. 7. Coordination number as a function of the density for LJ50

along the isotherms T = 0
1, 0.2, 0.3, and 0.4. The arrow indicates the
value of �∗.

was observed. For the cluster LJ50 (Fig. 3), the kink is
approximately at P = 6 for the isotherm T = 0
2. How-
ever, comparison of the RDF at P = 5 and P = 8 showed
no qualitative difference, both of them looking as liquid-
phase-like shown in the bottom row of Figure 6.

In order to understand the structural change associated
to this feature in the isotherms we calculated the coordina-
tion number (c.n.), which is defined as the average number
of nearest neighbors for each atom in the cluster. In bulk
LJ systems, the c.n. is smaller for liquids taking values
between 8 and 9 than for solids where c.n. is 12 for the fcc
lattice. In clusters the c.n. has lower values than in bulk
due to the effect of the surface. The c.n. can be calculated
as the 3D integration of the first peak of the RDF up to the
value of r consistent with the first coordination shell (or
first-neighbor distance). For the LJ clusters with N = 38,
43, and 50 in the structure corresponding to their g.m.,
the c.n. is 6.38, 7.43, and 7.09, respectively. In Figure 7
we show the c.n. as a function of the density for the clus-
ter LJ50 at temperatures from 0.1 to 0.4. We marked with
an arrow the position of the kinks in the isotherms P�V �
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Fig. 8. Coordination number as a function of the density for LJ38 (left)
and LJ43 (right) at T = 0
1. Arrows indicate the value of �∗.
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Fig. 9. Number of particles as a function of the distance to the center
of mass of the cluster for N = 50 and T = 0
2. The pressure is P = 5
(solid boxes) and P = 8 (dashed boxes).

(Fig. 3). We see that, as the density increases in the vicin-
ity of the kink, the c.n. steps down for T = 0
3 and 0.4
and increases smoothly for T = 0
1 and 0.2. Similar results
were obtained for the LJ38 and LJ43 clusters, as seen in
Figure 8. Thus there is no signature in the c.n. that could
be linked to the discontinuous slope in the curve P�V � and
sudden increase in the energy.

Finally, we did a simple analysis of the configurations
that gives insight of the process involved at �∗. In order to
do a quantitative analysis of the structure of the clusters
we plotted histograms showing the number of atoms as a
function of the distance from the center of mass. Each bin
in the histogram would be associated to a spherical shell
centered at the center of mass. The results are displayed
in Figure 9 for N = 50 at T = 0
2 and pressures 5 and
8. We see in this figure that for both pressures most of
the atoms are confined into two distinguishable shells. At
the lower pressure the outer shell spreads outwards. At the
higher pressure there is a high concentration of atoms at
a distance r = 1
7. The situation remains the same for all
cluster configurations inspected at high or low P . Thus,
the sudden increase in the energy when crossing �∗ reflects
the compression of the outer shell.

4. CONCLUSIONS

We have applied the method of Monte Carlo at constant
temperature and pressure to the study of small free clus-
ters. We have investigated the structural and thermal equi-
librium properties of LJ clusters with 38, 43, and 50 atoms
at low temperatures and high pressures. For the cluster
with 50 atoms at P = 1 we found a peak in the specific
heat at constant pressure at a temperature of 0.26 that sug-
gests a solid–liquid phase change. This is supported by a
qualitative change in the RDF as the temperature decreases
below 0.26 at P = 1. For P > 1 the peak in CP was not
encountered, suggesting the possibility of the transition
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being suppressed at higher pressures. To be conclusive
about this conjecture, higher temperatures should be inves-
tigated as will be addressed in future work.

Extending the calculations presented in this work it is
possible to systematically construct the melting curve of
free clusters at finite pressures. Since the calculation is
done without confining the cluster in a cell, the results do
not depend on any additional external parameters such as
the size of the box.
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