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Structure and dynamics of alkali-metal clusters and fission of highly charged clusters
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A dynamical optimization of the minimum energy cluster structures of Na, K, Rb, and Cs clusters was
performed using a many-body potential based on local density calculations. The energetics and vibrational
analysis of the neutral clusters in the size range 8,N,310 were calculated, including the free energy as a
function of the cluster size and the melting temperature. The fission process due to Coulomb forces of 21, 31,
and 41 charged alkali-metal clusters was studied extensively using molecular dynamics. We show that the
cluster size at which multiply charged clusters undergo fission depends strongly on the cluster temperature.
Three phases in the temperature-size-phase plane are identified corresponding to unstable, metastable, and
stable clusters. These regions are bound by the spontaneous size at zero temperature and the critical size at the
critical temperature. The cluster critical size exhibits a power law dependence on the total charge, which is in
excellent agreement with experiments. The energy barriers that the clusters need to undergo fission are reported
as a function of cluster size. The limitations of the liquid drop model are indicated in light of the dynamical
findings.@S0163-1829~98!05624-0#
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I. INTRODUCTION

Considerable experimental1–10 and theoretical11–15 effort
has taken place in recent years to study the fission of m
ply charged alkali-metal clusters. The study of charged c
ters is of fundamental importance since cluster detec
through mass spectrometry proceeds via ionization and
tection of charged species. Singly ionized clusters of m
elements are stable at low temperature while multi
charged clusters are not, because the Coulomb repulsion
tween the charges acts against the cohesive forces. Fissi
multiply ionized clusters presents strong analogies to co
sponding phenomena exhibited by heavy atomic nuclei.
perimental fission patterns~symmetric versus asymmetri
fission! and fission barriers have been interpreted2–4,6–9,11,16

within the framework of the liquid-droplet model of nucle
theory.17 In those models, only the initial and final state e
ergies are taken into account. Predictions exist of fragm
tation channels of 21 cluster ions using the local densit
approximation~LDA ! and the deformed-jellium model.13,14

The most common assumption for describing the fission p
cess of charged metal clusters is that small singly char
fragments~of three or nine atoms! evaporate from the cluste
until a singly ionized cluster is left behind.9,15 Then it is
possible to model the process as a chemical reaction by
sidering a static energy balance between reactants and p
ucts overcoming a reaction activation barrier.7,9,10,14,17

One of the issues central in understanding the fiss
mechanism due to Coulomb forces is the determination
the appearance cluster sizeNa , which is the smallest size a
which a cluster supporting a charge of 21 or larger is ob-
served experimentally. The minimum appearance size v
is obtained at zero temperature when fission is spontane
This is the Bohr-Wheelernc parameter of the liquid-drop
570163-1829/98/57~24!/15519~14!/$15.00
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model.17 Therefore, multiply charged clusters are intrins
cally unstable if their size is belownc . Above this size,
clusters are metastable if their internal energy is lower th
an energy barrier for fission that depends on the metal
the charge. If the cluster internal energy exceeds this ene
barrier, then fission occurs. The range of metastable clu
sizes~appearance sizes! is quite ample. The largest appea
ance size is known as the critical size and this is the m
frequently measured quantity.1–4 Chandezonet al.10 ob-
served a suite of critical sizes for Na clusters undergo
fission from different ion beam measurements and correla
these differences with temperature effects.

Local spin density calculations of doubly charged ber
lium clusters withN<5 ~Ref. 18! have shown that smal
doubly charged clusters may exist in metastable states if t
internal energy is lower than an energy barrier leading t
dissociation channel. The fragmentation process of v
small NaN

21 cluster ions containing up to 12 atoms@sizes
below nc ~Refs. 19 and 20!# has been studied within th
LDA for the electronic structure in conjunction with molecu
lar dynamics~MD!. However, this approach is computatio
ally demanding and has not been used to investigate the
sion mechanism of metastable multiply charged clusters w
sizes abovenc . Molecular dynamics simulations aimed t
describe realistic finite-temperature properties of larger s
tems, for example, clusters containing more or about 20
oms, should meet two requirements:~i! a quantum mechani
cal foundation to describe the interaction between atoms
~ii ! a high numerical efficiency. The first requirement is im
portant because of the many-body character of the in
atomic forces that enter in the description of the structu
and thermodynamical properties. On the other hand, la
scale quantum mechanical simulations are highly comp
intensive. Therefore, first-principles approaches are seve
15 519 © 1998 The American Physical Society
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15 520 57LI, BLAISTEN-BAROJAS, AND PAPACONSTANTOPOULOS
limited to study vibrational, structural, and thermodynam
properties of large clusters. As an alternative, atomistic sim
lations are playing an increasingly important role in the d
sign of modern materials. Most model potentials are emp
cal and their parameters are fitted to experimental value
bulk materials. Because the predicted structural mate
properties are as accurate as the interatomic potentials u
the development of improved model potentials is cruc
There have been several efforts that include averaged m
body effects fitted on first-principle calculations of both ba
structure calculations21 and small clusters potential energ
surfaces.22 Model potentials describe well those properti
associated with the structure and motion of the ionic ato
cores, which are much slower than the motion of the el
trons.

We have applied a different many-body interatomic p
tential to describe sodium clusters, both the structure of n
tral clusters and the fission mechanism of clusters mult
charged by 21, 31, and 41.23 These properties are struc
tural and dynamical and therefore appropriate for study fr
an atomistic point of view. The class of many-body pote
tials is based on LDA calculations and the second mom
approximation ~SMA!.24,25 The fission mechanism in ho
charged metallic clusters, as in the nucleus, is based on
interactions between the ionic atomic cores. Our wor23

studies fission from a dynamical view, and for that we d
veloped the best existing potential~to our knowledge! for
sodium. These highly charged clusters undergo fission w
they are hot at a certain size, the appearance sizeNa . In our
calculation we predicted the full range of appearance size
sodium clusters from its lower boundnc ~spontaneous fission
at zero temperature! up to the critical sizeNc attained at
temperatures below the boiling point. Fission in the me
stable cluster size region that spans betweennc andNc was
studied with nonequilibrium molecular dynamics by chan
ing the internal energy of the multiply charged clusters. M
tiply charged clusters larger thanNc are stable and do no
fission. Our calculated critical sizes23 are in excellent agree
ment with experiment.3,4,10

In this work we present a systematics of interatomic p
tentials based on the LDA/SMA for K, Rb, and Cs and u
these potentials to study the energetics, free energy, me
and boiling temperature, and surface energy of neutral c
ters with 8 up to 309 atoms. We also study dynamically
fission mechanism of 21, 31, and 41 cluster ions contain-
ing 10–160 atoms. This work tackles the fission process o
a wide range of temperatures. Furthermore, we predict qu
titatively the critical size for fission of alkali-metal cluste
charged up to 41. Our calculated critical sizes at high tem
peratures are in excellent agreement with experimental
ues for hot clusters.2–4,10This is a confirmation of the impor
tance of ionic atomic motions in the fission process. It is
first time, to our knowledge, that such an attempt has b
carried out due to the difficulty of representing materia
such as the alkali metals, that are very soft. By including
dynamics of the atomic cores, our calculation represen
significant improvement over the liquid-drop model that d
scribes the process only at zero temperature and assum
structureless ionic cluster. In addition, we develop a si
temperature phase portrait that allows classification of
highly charged clusters in three phases:~i! clusters ‘‘stable to
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fission’’ if the size is aboveNc and the temperature is below
Tc , ~ii ! clusters ‘‘metastable to fission’’ if the size is be
tween nc and Nc and the temperature is below a phas
separating line that spans between zero temperature andTc ,
and~iii ! ‘‘unstable clusters’’ if the size is betweennc andNc
and the temperature is above the phase line. We calcul
the phase line for all the four metals under considerati
Fission only occurs in the metastable region, which is
region studied in this work. Multiple types of fragmentatio
processes occurring in the unstable region are not the su
of this work.

This paper is organized as follows. Section II describ
the LDA band structure calculation leading to the establi
ment of the model potentials for Li, Na, K, Rb, and C
Section III describes the results for several bulk propert
The structure, energetics, and vibrational analysis of neu
Na, K, Rb, and Cs clusters are described in Sec. IV, incl
ing a visualization of the minimum energy structures of
clusters with 8 up to 20 atoms. Section V develops the m
lecular dynamics strategy used to study the fission mec
nism at finite temperatures. Section VI describes the res
obtained for all appearance sizes of clusters suppor
charges of 21, 31, and 41 ~51 in the case of Cs!. The
discussion in Sec. VII is followed by concluding remarks
Sec. VIII.

II. MANY-BODY POTENTIALS BASED ON LOCAL
DENSITY BAND STRUCTURE

A. Local density calculation

First-principles calculations within the local density a
proximation of the total energy and electronic bands for b
bcc and fcc crystals of the alkali metals Li, Na, K, Rb, a
Cs were performed using an augmented-plane-wave~APW!
method.26 The band states were calculated self-consiste
in the semirelativistic approximation with spin-orbit cou
pling neglected. The self-consistent semirelativistic calcu
tions yielded the crystal potential, the charge density, and
eigenvalue sum, which were used in Janak’s expression
the total energy.27 The exchange and correlation were treat
by the Hedin-Lundqvist formalism.28 The band calculations
contained 55k points in the irreducible Brilloun zone for th
bcc structure and 89k points for the fcc lattice.26 The total
energy was calculated for at least six different lattice para
eters for each material and each crystal structure.

The APW total energy per atom of the crystal was e
pressed relative to the energy of an isolated atom calcul
in the same approximation. Since it is well known that t
total energy of isolated atoms is poorly described by
LDA, for the purpose of constructing the model potentia
we shifted the atomic energy so that the energy evaluate
the LDA equilibrium volume coincides with the experime
tal value of the bulk cohesive energy.29 These energy shifts
are 0.43, 0.21, 0.28, 0.19, and20.10 eV for Li, Na, K, Rb,
and Cs, respectively. In Table I we report the results of
calculated equilibrium lattice constants and bulk modu
along with the corresponding experimental values.29–31 The
experimental cohesive energyEb is also reported in the table
The calculated equilibrium lattice constants are within
error of about 5% and the bulk moduli are within an error
about 25% with experiment.
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TABLE I. Lattice constant, bulk modulus, and melting temperature for alkali-metal clusters from
LDA and model potential calculations and from experiment. The last column is the experimental co
energy.

bcc lattice constant~a.u.! Bulk modulus~Mbar! Melting temperature~K! Eb ~eV!

Element LDA Potential Expt.a LDA Potential Expt.b Potential Expt.c Expt.a

Li 6.35 6.34 6.60 0.155 0.157 0.133 504.8 453.7 1.63
Na 7.68 7.63 8.11 0.094 0.087 0.074 332.9 370.9 1.13
K 9.53 9.52 9.9 0.047 0.048 0.037 270.8 336.8 0.93
Rb 10.17 10.16 10.60 0.037 0.037 0.029 270.8 336.8 0.8
Cs 10.93 10.91 11.42 0.020 0.020 0.023 300.4 301.6 0.8

aReference 29.
bReferences 30 and 31.
cReference 36.
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B. Model potentials

The criterion to construct the functional that describes
SMA ~Refs. 24 and 25! many-body potentials is based on th
functional that approximates the hopping integral in a tig
binding ~TB! description. The TB approximation has be
successfully proposed for most metals including the alk
metals.32–34 The TB eigenvalue equation is

~« ia
0 2E!u ia&1(

j Þ i
(

b
tab
i j ~r i j !u jb&50, ~1!

where« ia
0 are the one-electron eigenvalues associated w

one of the electrons of the atom at sitei that occupies the
orbital a. The hopping integralstab

i j (r i j )5^ iauVi j u jb& in-
clude the site-site Coulomb interactionVi j , which depends
on the interatomic distancer i j . For a system withN atoms,
the total potential energy of the atomic ions is

Ucoh5Uel1U rep, ~2!

whereUel is the sum of the one-electron eigenvalues of
occupied states calculated from Eq.~1! and U rep describes
the repulsive ionic interaction represented by the Bo
Mayer potential

U rep5(
i

«0(
j Þ i

expF2pS r i j

r 0
21D G . ~3!

Analytical interatomic potentials for Li, Na, K, Rb, an
Cs were constructed by using the SMA,24,25which takes into
account the essential band character of the metallic bo
Namely,Uel consists of a band structure term proportional
the effective width of the valence band given by the squ
root of the second moment of the local density states.
SMA is similar to the embedded atom formalism and
spired by the TB expression to represent the hopping i
grals: t i j

ab5Aab exp(2dabrij). In the SMA the cohesive en
ergy of the crystal is given by an analytical express
composed of a sum of one-atom effective binding energ

Ucoh5U rep2(
i

H(
j Þ i

z0
2 expF22qS r i j

r 0
21D G J 1/2

, ~4!

where the first term is Eq.~3!. The second term is the attrac
tive interaction representing the band structure treated in
SMA. In this work sums are taken over neighbors within
e
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coordination shells in a crystal and over all atoms in clust
In addition, r 0 is a free parameter, as suggested in Ref.
Thus the potential has five parameters.

In this work we fitted the parameters of Eqs.~2!–~4! to a
LDA database that consists of the total energy as a func
of the lattice constant for both bcc and fcc lattices. T
represents a very significant improvement over previ
SMA TB fits to experimental quantities rather than to LD
band structure. Therefore, these potentials are based on
orous first-principles LDA results. Resulting values for t
parameters are reported in Table II. The rms error of the fi
very small, as shown in the last column of this table.
alternative empirical parametrization of this potential h
been offered in the literature.

III. BULK PROPERTIES OF ALKALI METALS

We calculated several crystal properties using the pre
model potential functions. The bulk modulus, equilibriu
lattice constant, and melting temperature are reported
Table I, where values can be compared to the LDA val
for the first two properties. The melting temperature for
bcc and fcc crystals were calculated from Lindeman
criterion.35 Lindemann’s criterion states that at the melti
temperature, the average amplitude of vibration^u2& should
be about 15% of the nearest-neighbor distanced. In the har-
monic approximation the vibration displacement of eve
atomui is a linear combination of the normal modesj j such
that

^ui
2&5 (

j 51

3N26

ue~ i , j !u2^j j
2&5 (

j 51

3N26

ue~ i , j !u2
kT

mv j
2 , ~5!

TABLE II. Model potential parameters in Eqs.~3! and ~4!.

Element
e0

~mRy!
z0

~mRy! p q
r 0

~a.u.!
rms

~mRy!

Li 2.4450 23.889 7.75 0.737 5.490 0.016
Na 1.1727 21.398 10.13 1.30 6.99 0.01
K 1.51 19.30 10.58 1.34 8.253 0.009
Rb 1.43 18.12 10.48 1.40 8.81 0.004
Cs 1.51 17.80 9.62 1.45 9.44 0.021
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where e( i , j ) is a matrix showing the contribution of th
normal modej j with frequencyv j to the particle displace
mentui andk is Boltzmann’s constant. The melting temper
ture is then

Tm5
Nm~0.15d!2/k

(
i 51

3N

(
j 51

3N26

e~ i , j !2/v j
2

, ~6!

wherem is the atomic mass,d5)a/2, anda is the lattice
constant for the bcc crystal symmetry. Using our model
tential, we are able to find the normal modes of clusters
crystals. For crystals, we chose a number of symmetr
kW -mesh points in the Brillouin zone and took the avera
with the corresponding weights. Calculated values ofTm are
given in Table I and compared to experiment.36

We also calculated the Gru¨neisen constant, which is de
fined as

g i52d~ ln v i !/d~ ln V!5~V/v i !~dv i /dV!, ~7!

whereV5a3/2 is the volume per atom at equilibrium in th
bcc crystal. This constant is useful in discussing anharmo
effects in solids. We calculatedg as the arithmetic average o
g i for each normal mode. This is equivalent to a spheri
average ink space, although for some effects it may be n
essary to consider the dependence ofg on specifickW direc-
tions. The calculated Gru¨neisen constant is 1.61 and 1.54 f
sodium and potassium, respectively. The experimental
ues are 1.4–1.7~Ref. 37! and 1.34,38 respectively.

IV. NEUTRAL ALKALI-METAL CLUSTERS

The model potential discussed in Sec. II B gives inform
tion on the structure of the material, where the atoms
located, and how they displace about their positions. Si
the ionic atomic core motions are about two orders of m
nitude slower than the electronic motions, the atomic io
move in the averaged field created by the electrons. T
mean behavior is taken into account through the SM
which gives the width of the valence band. However,
potential does not explicitly address the grouping of o
electron levels within the valence band that is observed
alkali-metal clusters. This grouping of states creates peak
the density of states. As the clusters grow larger and ten
have bulklike sizes, these oscillations in the density of sta
disappear. A simplified representation of this effect is o
tained by the spherical jellium model for clusters that tota
neglects the structure of the atomic ions. Under the sphe
jellium model, electron-subshell closings occur when
number of electronsNe in the valence band is 2, 8, 18, 2
34, 40, 58, 68, 90, 92, 106, 132, 138, 168, etc. Theref
clusters containing those numbers of electrons in the vale
band are expected to be more stable than others. In the
lium model of clusters, there is an accidental degener
where many of these electron subshells bundle together
ing rise to shells.39 These shells constitute peaks in the de
sity of states. In the jellium calculations these peaks can
shifted by changing the density of the jellium. Shells occ
when the number of valence electrons in the cluster is c
sistent with groupings of electron-subshell closings at
-

-
d

al
e

ic

l
-

l-

-
re
e
-
s
is
,

e
-
in
in
to
s

-

al
e

e,
ce
el-
y

iv-
-
e

r
n-
-

proximatelyNe58, 20, 40, 58, 90, 132, 168, etc.40,41 Since
the density of the jellium depends on the mass of the al
metal, the observed shell structure differs from one meta
another.42–45

For completeness, in order to study the binding energy
metallic clusters, it is important to include an electronic te
to describe subshell closings in a semiclassical descrip
such as the one that emerges from the use of model po
tials. According to Strutinsky’s theorem,46 the energy of the
interacting fermion system can be divided into a smooth p
and an oscillating part associated with the shell correcti
The smooth part varies slowly with particle number and c
be represented by the model potential introduced in S
II B. The shell correction contains all the oscillations comi
from the bundling of energy levels. Therefore, we ha
added a shell term to the potential described in Sec. II B
model the higher stability of clusters of sizeN that contain a
number of valence electronsNe corresponding to subshe
closings:

EN5
Ucoh

N
2

0.2

N (
K

NeK

1/3d~N2NeK
!, ~8!

whereUcoh, given in Eqs.~2!–~4!, represents the structura
contribution to the binding energy per atom, units are in e
K is the subshell index, andNeK

is the number of electrons

that close theK subshell. The last term is a sum of del
functions peaked at each subshell index and weighted b
dependence onNeK

1/3 to reflect the contribution of the surfac

curvature to the cluster binding energy per atom. Therefo
this last term is a pure electronic contribution to the bindi
energy. Eachd function is represented byde /@de

21(N
2NeK

)2#, wherede51/nK andnK is the principal quantum

number of theK subshell. The factor 0.2 is an estimate bas
on ab initio calculations for sodium.47,48

Under this interatomic potential function, large cluste
containing up to about 10 000 atoms, nonrelaxed and sph
cally carved from perfect bcc and fcc lattices, are less sta
than icosahedral clusters. Martin49 has confirmed experimen
tally that clusters larger than 1500 atoms have icosahe
structure. For smaller alkali-metal clusters, the structure
tained with the present model potential is expected to w
best when the coordination shell of each atom is well po
lated.

In what follows we report results for clusters with le
than 13 atoms along with those for clusters of up to 3
atoms. However, results for the small clusters are more

TABLE III. Wigner-Seitz radiusr s of bcc crystals, calculated
surface energyes from Fig. 1 and Eq.~9!, calculated surface tensio
s at T50, and experimental surface tension.

Element r s ~a.u.! es ~eV!
s (eV/Å2)
at T50 K

s (eV/Å2)
~Expt.a!

Na 3.76 1.076 0.0217 0.0125
K 4.69 0.852 0.0110 0.0069
Rb 5.00 0.7574 0.0086 0.0056
Cs 5.37 0.6714 0.0068 0.0044

aReference 36.
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FIG. 1. Cluster binding energy per atom versusN21/3. ~a! Sodium clusters: this work~circles! and experiment from Ref. 7~crosses!, Ref.
47 ~triangles!, Ref. 48~squares!, and Ref. 51~solid dots!. ~b! Potassium clusters: this work~circles! and experiment from Ref. 7~crosses! and
Ref. 52~triangles!. ~c! Rubidium clusters: this work~circles!. ~d! Cesium clusters: this work~circles!. The solid line in all four figures is the
fit to our calculation.
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proximate. The minimum energy geometrical configurat
of clusters in this size range was obtained by a dynam
simulated annealing process.50 Clusters were annealed usin
MD and a time step of 0.02t0 , wheret05Amr0

2/Eb, m is the
mass of the alkali metal, andr 0 andEb are given in Tables I
and II. Annealed clusters were finally minimized with
Newton-Raphson algorithm.

Figure 1~a! shows the binding energyuENu for sodium
calculated from Eq. ~8! ~circles! as compared with
experiment7 ~crosses! and with three first-principles
calculations47,48,51 ~triangles, squares, and closed circle!.
Our potential gives satisfactory binding energies for
smallest clusters and excellent agreement with experim
for larger clusters. Figure 1~b! illustrates an equivalent analy
sis for potassium, showing again good agreement of our
culation~circles! with experiments5 ~crosses! and a compari-
son to previous calculations.52 Figures 1~c! and 1~d! show
the results for rubidium and cesium. To our knowledge, th
are no other calculations or experiments of binding energ
for these two materials. Clusters whereN5NEK

are notice-
ably more stable due to the shell effect. Figure 2 gives s
eral minimum energy geometries obtained for small ces
n
al

e
nt

l-

e
s

v-

clusters, whereas Fig. 3 illustrates four almost degene
structures obtained for clusters with 20 atoms. Several of
lowest energy Cs isomers shown in Fig. 2 are the same
those reported for sodium.48 However, Fig. 2 illustrates sev
eral other structures not reported previously. The alk
metal clusters are very soft and many different structu
were found within a few kilocalories of energy. For examp
the energies of the four structures for Cs8 in Fig. 2 are
bundled within 0.2 kcal/mole, there are eight different C18
structures within 1.4 kcal/mole of the minimum energy stru
ture, while there are four different Cs20 structures within 0.14
kcal/mole and seven different Cs40 structures are found
within 0.24 kcal/mole. The larger the clusters, the greater
number of isomers that are almost degenerate in ene
Structures of Na, K, Rb, and Cs clusters not reported here
reported elsewhere as part of a database with approxima
1000 entries constructed with all the minima discovered
these four metals.53 Cesium structures different from those
Ref. 48 are, following the energy ordering in Fig. 2, th
second Cs8, second Cs9, first Cs10, and all of the Cs11 and
Cs12. The third Cs20 structure in Fig. 3 has been found pr
viously for sodium.48 The other three have not yet been r
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15 524 57LI, BLAISTEN-BAROJAS, AND PAPACONSTANTOPOULOS
ported as far as we know. We find that there are three
dominant motifs; the Cs7 pentagonal bipyramid, the Cs6
pentagonal pyramid, and the octahedron, that repeatedly
pear with different relative orientations in the structure of t
large clusters. It is noticeable that the growth does not t
place around the icosahedral seed. This is in agreement
the study that emerges from the sodium LDA calculation48

However, we find that Cs13, Cs55, Cs147, and Cs309 icosahe-
dral structures are the most stable for that size, although
search for the larger clusters might not have been exhaus
The icosahedral structures are relatively more stable t
their isomers and, contrary to other cluster sizes, there
small energy gap between the icosahedral structure and
next isomer found. For example, this gap is 0.46 kcal/m
for Cs13 and decreases to 0.1 kcal/mole for Cs55. The Cs13 in
Fig. 2 depicts the first isomer above the icosahedron.

As illustrated in Figs. 1~a!–1~d!, our calculated binding
energies/atomuENu are organized on a straight line whe
plotted vsN21/3, in excellent agreement with experiment
results~within 5–10 %!. In addition, the extrapolation of thi
line to the bulk leads toEb , the cohesive energy of the bulk
This is not an obvious result. Because of this linear behav
we can predict an estimate of the surface energyes by fitting
to the expression

FIG. 2. Structure and binding energy/atom of the lower ene
structures found for cesium clusters withN58 – 13.
e-

p-

e
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e.
n
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e

r,

uENu5Eb2esN
21/3, ~9!

where theN-independent termEb is reported in Table I. The
second term is the surface term proportional toN2/3 typical
of metals. The solid line in Figs. 1~a!–1~d! shows this fit.
The fit yields a surface energy ofes51.076, 0.852, 0.7574
and 0.6714 eV for Na, K, Rb, and Cs, respectively. Relat
~9! is very interesting and shows that for alkali-metal clust
all the structural binding energy comes from the surfa
term. The smaller the cluster, the larger the surface contr
tion. This behavior is certainly not obtained for other ma
rials such as silicon.54 We conclude that metal clusters in th
size range of this study behave as surfaces. The surface
sion of these metallic objects at zero temperature was ca
lated by usinges54pr s

2s, wherer s is the Wigner-Seitz ra-

y

FIG. 3. Four quasidegenerate minimum energy structures fo
for Cs20 with their binding energies.

FIG. 4. Zero point energy per atom vsN for Na ~crosses!, K
~closed squares!, Rb ~pluses!, and Cs~diamonds! clusters.
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FIG. 5. Free energy per atom vs cluster sizeN1/3 for ~a! Na, ~b! K, ~c! Rb, and~d! Cs at three different temperatures: 5 K~triangles!, 55
K ~circles!, and 105 K~pluses!.
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dius. Results are given in Table III. Considering that surfa
tension decreases with increasing temperature, our result
consistent with experimental values for the bulk~last column
of Table III!.36

Normal mode calculations for clusters of all sizes we
also obtained, such that the 3N26 normal mode frequencie
for every cluster sizeN are available.53 Figure 4 illustrates
the trend of the zero point energy as a function of clus
size. Given that these clusters are very soft and that abso
energy differences between binding energies of two differ
isomers are so close, Fig. 4 shows that the zero point en
is not negligible and presents a strong dependence with c
ter size up to aboutN560. This zero point energy has sy
tematically been neglected in studies of energy balanc
zero temperature where clusters are assumed to be struc
less. Additionally, we studied the cluster Helmholtz free e
ergy in the harmonic approximation

F52 (
i 51

3N26

kTF lnS exp~2\v i /2kT!

12exp~2\v i /kT! D G1ENN , ~10!

wherev i are the normal mode frequencies for a cluster
size N. Results of the free energy per particle at three l
temperatures for sizes 13<N<309 are shown in Figs. 5~a!–
e
are

r
te

nt
gy
s-

at
re-
-

f

5~d! for Na, K, Rb, and Cs, respectively. It is apparent that
clusters grow larger they become more stable and their
energy tends slowly toward the bulk value. The relative i
portance of the shell contribution vanishes as the clu
grows larger.

Furthermore, the melting temperatureTm of clusters was
calculated as a function of cluster size within Lindeman
approximation Eq.~6!, assuming that the ratio between th
mean atomic displacement in the clusters andr 0 is 0.15.
Knowing bothF andTm permits tracing of a phase portra
in the planeF/N vs N1/3. This portrait is given in Fig. 6,
where each point indicates the free energy per particle atTm
for every given size. Solid lines are drawn to guide the e
Below the line clusters are liquidlike and above the line clu
ters are solidlike. This phase portrait shows clearly that
solidlike phase increases its stability as the cluster gro
larger.

The same trend described by Eq.~9! can be used to esti
mate the boiling temperature of anN-atom cluster by assum
ing that

Tb5T0S 12
es

Eb
N21/3D , ~11!
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whereT0 is the boiling temperature of the bulk. Tables I a
III give the bulk binding energyEb and the cluster surfac
energyes , respectively.

V. FISSION OF MULTIPLY CHARGED ALKALI-METAL
CLUSTERS

In this section we describe the use of our cluster poten
to simulate the fission mechanism of multiply ionized clu
ters in the size range 10<N<160. A dynamical study with
MD of the fission mechanism is very important because
entropic effects are automatically included. Fission is a p
cess where information on the structure of the clusters
important because the largest contribution to the cluster
tropy comes from the atomic motions. Multiply ionize
alkali-metal clusters are usually produced using the te
nique of multistep photoionization. These highly ioniz
clusters that have lost two or more electrons are very
with temperatures close to the boiling point of the metal.
these high temperatures the motion of the atoms in
charged cluster are liquidlike and the atoms visit many po
tions within the available volume of the cluster. There a
numerous experiments available on the critical size to
dergo fission. Therefore, one of the aims of our simulation
to obtain dynamically the critical size and temperature.

In this simulation, we assume that the positive charge
distributed equally among the atoms in the cluster by ass
ing a point fractional effective chargeq5Qe/N to each
atom. Thus the deficiency of electrons is delocalized over
cluster irrespectively of where the atoms are located. Wit
this picture, a positively charged cluster is represented bN
bonded atoms, each of which holds a chargeq1 that inter-
acts with all other charges, polarizes the material crea
induced dipoles on each atom, and further interacts w
those induced dipoles. Because the charge distribution is
form, charge homogeneity is preserved and the cluste
electrically isotropic, much as are fluids and amorphous

FIG. 6. Portrait in the plane of free energy vs cluster sizeN1/3.
Each point is the free energy at the melting temperature for e
cluster size: Na~pluses!, K ~diamonds!, Rb ~triangles!, and Cs
~circles!. Lines guide the eye.
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ids. In addition, this model is consistent with the findings f
sodium48 concerning the spherical average of the elect
density. This average shows that the negative charge in
cluster is almost uniform, which suggests that the posit
charge should also be uniform to account for charge neu
ity.

The Hamiltonian to represent a charged cluster with to
chargeQe5( iqi is

H5
1

2 (
i

mv i
21EN1

C

2 (
i , j

iÞ j

Fqiqj

r i j
2

qi
2a

r i j
4 G , ~12!

where thev i andm are the ion velocities and masses,EN is
given in Eq.~8!, qi are the effective charges of the ions, a
a is the polarizability of ions: 0.312, 0.9, 1.7, and 2.5 Å3

for Na, K, Rb, and Cs, respectively.29 The constantC is zero
for neutral clusters and one when the cluster is charged.

First the above Hamiltonian was used to simulate sin
charged clusters (Q51) at zero temperature. These sing
ionized clusters are stable. To that purpose we followe
procedure similar to the one described for neutral cluster
find the structures with minimum energy. Figure 7 shows
results on the binding energy of the singly ionized cesi
clusters~crosses! compared to the binding energy of neutr
clusters~circles!. The shell closings are clear and the cluste
with N59, 21, 41, . . . are more stable than their neighb
ing sizes. Similar observations were obtained for all the ot
metals. It is worth noting that the effect of a single char
changes the structure of the very small clusters. Howe
clusters with more thanN510 keep the same geometr
when singly charged. The overall binding energy of t
charged clusters is a few kcal/mol higher than for the neu
clusters, in agreement with previous calculations
sodium.47

Simulations were performed using MD and Eq.~12!. To
describe the fission process we define two additional par
eters:~i! a maximum atomic distance from the cluster cen
of massRmax and~ii ! a maximum bond lengthRb defined as
r 0 incremented by the maximum averaged amplitude
atomic vibrations at a given temperature.Rb is set to about
2.6r 0 and Rmax to approximately 10r 0 for clusters with
N<150. A ‘‘cluster’’ is defined as that aggregate ofN atoms

ch

FIG. 7. Binding energy per atom of neutral~circles! and singly
charged~crosses! cesium clusters.
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held together by the potential energyEN with interatomic
distances smaller thanRb . Neutral clusters (C50) at low
enough temperatures are exclusively composed of bon
atoms. Notice that the nearest-neighbor interatomic distan
at zero temperature are necessarily smaller thanRb . By
monitoring a larger characteristic interatomic length, we
able to observe the fission when it has already taken p
and the two fragments are already separated, i.e., the sho
distance between the fragments is larger thanRb . For
charged clusters (C51) fission occurs when the cluster siz
is too small to sustain the charge.

The experimental conditions, as described by Martin a
co-workers,2–4,49 are such that when measurement occ
some clusters undergo fission, but also there are other c
ters that evaporate single neutral atoms. Temperatures in
experiment are very close to the boiling point. In this wo
we have not attempted to describe the evaporation proce
the multiply charged clusters mostly because of the lack
information on how the distribution of charge is affect
when a neutral atom is stripped from the cluster. For t
reason in the computer experiment we only reach a m
mum working temperature~close to boiling!. This maximum
working temperature is associated to the highest tempera
that we could attain by heating a cluster before a single a
separates from the cluster. If the distance from any sin
atom to all other atoms is larger thanRb and its distance
from the cluster center of mass is larger thanRmax, the simu-
lation is stopped, the event is discarded, and another sim
tion is started from another configuration of a cluster
equal size~or of size N21!. Typical values ofRmax are
between 9r 0 and 12.5r 0 , depending upon the size. With th
elimination of these events, we can ensure that our ana
is not based on evaporative conditions.

The strategy for the fission computer experiments is
following. First, the neutral cluster@C50 in Eq. ~12!# is
equilibrated at a low temperature. Second, the neutral clu
is slowly heated to about 150 K and equilibrated at t
temperature. Third, the cluster is charged instantaneousl
switching C51 and the simulation is continued to 25 00
time steps. Fourth, the charged cluster is heated by incr
ing its temperature in a steplike fashion from 150 K until t
cluster undergoes fission. At each intermediate heating s
the dynamics is continued for 10 000 time steps and m

FIG. 8. Phase diagram for the fission process. Three regions
identified corresponding to unstable, metastable, and stable clus
The critical point is characterized by~Tc , Nc!.
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quantities are averaged over that time interval only. T
four-stage process is repeated for every cluster sizeN and for
every total chargeQ. The computer experiment is terminate
at a maximum sizeN5Nc if for the N11 case we discarded
five events in which one atom was beginning to strip fro
the cluster. Relevant quantities such as the temperatur
which fission occurs are kept on file.

Following this procedure, the critical sizeNc corresponds
to that size at which the cluster undergoes fission and i

re
rs.

FIG. 9. Cluster temperature vs appearance sizeNa for multiply
charged clusters of~a! Na, ~b! K, ~c! Rb, and~d! Cs: Q52 ~tri-
angles!, Q53 ~closed circles!, Q54 ~pluses!, and Q55 ~dia-
monds!.
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TABLE IV. Calculated spontaneous fission sizenc , critical sizeNc , and critical temperatureTc , for
Q521, 31, and 41. The last column lists the experimental results from Ref. 4.

Element\ Q

nc Nc Tc ~K! Nc ~Expt.a!

2 3 4 2 3 4 2 3 4 2 3 4

Na 11 20 36 27 63 110 848.3 945.4 1085.6 27 63 1
K 12 21 33 20 57 113 572.6 847.9 971.6 20 55 11
Rb 11 21 35 24 53 106 628.6 694.3 799.2 19 50 11
Cs 12 19 36 23 51 100 586.8 630.8 742.8 19 49 9

aReference 4.
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the highest attainable temperatureTc . The appearance siz
Na is that size at which the cluster fissions at temperatu
below Tc . SizesNa<Nc correspond to metastable cluste
The spontaneous fission at zero temperature was studie
well. For that purpose, the cluster was charged at zero t
perature and the MD simulation was continued for 53106

time steps until the cluster fissioned. The maximum size
which clusters at zero temperature undergo fission isnc ,
very similar to the Wheeler-Bohr parameter,17 except that
here it is obtained dynamically. The highest appearance s
or critical sizeNc , is attained at temperaturesTc that are
comparable to the boiling point of the corresponding ma
rial.

The previous analysis allows us to depict a phase diag
for the fission mechanism as shown in Fig. 8 for a fix
charge. Three phases are apparent in this diagram c
sponding to stable, metastable, and unstable clusters dep
ing upon their size and temperature. The metastable p
corresponds to clusters that are not hot enough to und
fission. This region is bounded by two typical poin
(Nc ,Tc) and (nc,0) in the phase plane. The first point corr
sponds to critical quantities. The second point character
the spontaneous fission. Both points depend onQ and on the
metal. We were able to determine the phase boundary
that separates the metastable from the unstable phases
is important because now researchers can distinguish
tween phenomena associated with the different phases
other words, fission only occurs when passing from
metastable to the unstable phase. Within the unstable re
there is a myriad of possible fragmentation mechanis
and/or evaporation channels that make the clusters unst
In the stable phase below the critical temperature the clus
do not undergo fission. Earlier dynamical calculations ha
only been performed in the unstable phase belownc .19

VI. TEMPERATURE DEPENDENCE OF THE FISSION
PROCESS

The MD results depicting the phase diagram for the
sion of Na, K, Rb, and Cs clusters for each value ofQ are
provided in Figs. 9~a!–9~d!. It is seen that as the temperatu
increases the appearance size increases up toNc , which cor-
responds toTc . At the critical size the temperatureTc is near
the boiling temperature, as confirmed experimentally.4,49 No-
tice that it is only at these high temperatures that the fiss
and evaporation processes could coexist. There was no
dence in our simulations that at temperatures belowTc sub-
s
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limation occurs, as was suggested by Martin.49

In the low-temperature region of the phase diagram, F
8 is the spontaneous sizenc , which is also an importan
quantity. Clusters smaller thannc are unstable even at zer
temperature. In the liquid-drop model~LDM !,9,17 the Bohr-
Wheeler parameternc is given by

nc
BW~Q!5

8.16Q2

esr s
11. ~13!

In the LDM the values of the surface energy constantes and
the Wigner-Seitz radiusr s are taken from the bulk. However
in Sec. IV we obtained an estimate ofes for clusters as
shown in Table III in the correct units. Therefore, we c
calculatenc

BW more realistically and compare it with the dy
namically obtainednc .

A. Sodium

Figure 9~a! illustrates our results forQ521 ~triangles!,
31 ~closed circles!, and 41 ~crosses!. Each point shows the
highest temperature reachable by a cluster of a given size
charge that undergoes fission without evaporation. In the
ure, points for each charge build up the phase boundary
that separates the metastable from the unstable phases. A
mentioned before, this phase boundary line depends on
charge and on the metal. Therefore, Fig. 9~a! summarizes
three phase diagrams. Values ofnc , Nc , andTc are given in
Table IV. For each cluster size, several calculations w
performed by choosing different initial times to charge t
equilibrated cluster. Typical lifetimes before fission are
the order of several nanoseconds. As is evident from F
9~a!, the critical size is 27 forQ52, 63 for Q53, and 110
for Q54. The first two results are in perfect agreement w
the experimental observations of 2761 and 6361.3,4 In the
case ofQ54 our critical size is 110, whereas there are se
eral experimental values reported: 12362,4 12262, 118
62, and 11565.10

The boiling temperature of bulk sodium is 1156.1 K. T
estimated cluster boiling temperatures from Eq.~11! are 789,
879, and 926 K forNc527, 63, and 110 sodium cluster
corresponding toQ52, 3, and 4. The percent difference b
tweenTc ~see Table IV! and the estimated boiling tempera
tures is less than 17%.

The dynamical spontaneous fission sizesnc are reported
in Table IV. The LDM nc

BW parameters estimated with ou
results ofes are nc

BW(2)59.1, nc
BW(3)519.2, andnc

BW(4)
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533.3 forQ52, 3, and 4, respectively. Differences betwe
our MD and the LDM values for the spontaneous size us
our values of the surface tension are around62.

B. Potassium

Results for potassium are shown in Fig. 9~b! for charges
of 21, 31, and 41 depicted with triangles, closed circle
and crosses, respectively. Once again, points in the plo
lustrate the boundary between the metastable phase an
unstable phase for each value of the charge. Table IV s
marizes the results fornc , Nc , andTc . The critical sizes are
20, 57, and 113, in agreement with experimental values
20, 55, and 110.3,4 The boiling temperature of bulk potas
sium is 1047 K. From Eq.~11! we obtain that estimates o
the cluster boiling temperatures are 693.6, 797.8, and 8
K, corresponding toN520, 57, and 113. The maximum fis
sion temperaturesTc are at most 17.4% off from the boiling
temperature estimates. The MD calculated spontaneous
sion sizes are 12, 21, and 33 forQ52, 3, and 4, respectively
Using Eq.~13! and our values ofes from Table III, the LDM
values arenc

BW(2)59.2, nc
BW(3)519.4, andnc

BW(4)533.7.
Again the difference between our MD results and the LD
values is less than62.

C. Rubidium

Figure 9~c! illustrates our results for rubidium cluste
supporting a charge of 21, 31, and 41 with triangles,
closed circles, and crosses, respectively. The boundary
tween the metastable and unstable regions is quite sha
determined as for the lighter metals. The corresponding c
cal sizes are 24, 53, and 106~see Table IV!, comparable to
the experimental values of 19, 50, and 110.3,4 For this mate-
rial, the boiling temperature of bulk rubidium is 961 K. Fro
Eq. ~11! we find that estimates of the boiling temperature
664.1, 733.1, and 781.4 K for clusters containingN524, 53,
and 106, respectively. These values can be compared
the highest reachable temperaturesTc reported in Table IV.
Estimates of the boiling temperature andTc agree within at
most 5.4%. The MD calculated spontaneous fission sizes
reported in Table IV. Using Eq.~13! and our values ofes

from Table III, the LDM parameters obtained arenc
BW(2)

59.6, nc
BW(3)520.4, andnc

BW(4)535.5. These values ar
in agreement with our MD simulations values within61.

D. Cesium

Results for Cs are shown in Fig. 9~d! for Q521 ~tri-
angles!, 31 ~closed circles!, 41 ~crosses!, and 51
~squares!. The critical sizesNc reported in Table IV are 23
51, 100, and 157, respectively. The metastable and uns
phases are well separated by the points in the graph.
experimental results3,4 are 19, 49, 94, and 155, showing e
cellent agreement with the calculation. The boiling tempe
ture of the bulk is 951.6 K. From Eq.~11! we find that the
estimates of the cluster boiling temperature are 670.8, 73
and 779.6 K forN519, 49, and 94, respectively. Once aga
Tc from Table IV compares well to these estimates. Fr
Eq. ~13! and values ofes from Table III, we obtain
g
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the
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,

nc
BW(2)510.1, nc

BW(3)521.3, nc
BW(4)537.2, andnc

BW(5)
557.6. The differences from the MD values ofnc are less
than62.

VII. DISCUSSION

The assumption of distributing the charge over all ato
in the cluster instead of distributing over the most exter
atomic layer is reasonable in the size rangeN,160. Indeed,
at low temperatures, clusters in this size range have ab
75% of the atoms on the surface. Besides, clusters are
billiard balls, but rather their atoms are enclosed by a flexi
surface that changes dramatically with temperature and ti
Even a very symmetric cluster in this size range, theN
5147 iscosahedron, presents a faceted surface and only
atomic layers from the central atom. We know from tigh
binding calculations of planar infinite metallic surfaces55

that when the material is negatively charged, the charge
cays from the outermost atomic layer within a skin of 3
layers. In a cluster, the surface that encloses all atoms h
strongly inhomogeneous curvature that impacts in the cha
distribution profile. Models, or calculations, of the profile
the positive charge distribution in clusters are unavailable
the size range 10<N<160. Furthermore, the fission proce
involves temperatures near the boiling point, where all ato
have high mobility and migrate from side to side of the clu
ter. Under these circumstances the concept of ‘‘volume’’
oms versus ‘‘surface’’ atoms becomes unclear. Becaus
the above reasons, we believe that simulation of the fiss
mechanism with a uniform positive charge distribution d
serves investigation and marks an important step forwar
the understanding of a complex nonequilibrium process.

We conclude from Fig. 9 that in the nanosecond tim
range, small clusters with size larger thannc are able to
sustain a chargeQ>21 only at temperatures belowTc(Q).
A phase diagram allows for the distinction between stab
metastable, and unstable clusters. We predict the ph
boundary line that marks the size-temperature threshold f
metastable charged cluster to undergo fission. Theref
metastable charged clusters of a specific size can be he
up to a temperature consistent with this boundary line bef
undergoing fission.

When the fission takes place, in all the cases conside
two fragments were obtained. The ratio of the two siz
tends to be about one for even charges,1

2 for a charge of 31,
and 2

3 when the charge is 51. For higher charges the rati
tends to one. Our simulations support the concept of sy
metric fission put forth by early models,11 where the ratios of
fragment masses and fragment charges are equal. In
simulations the size ratios, and therefore the charge ra
were not perfectly symmetric, with departures as large as68
atoms. This is without doubt due to the model of unifor
charge distribution that we have adopted. For example, iN
is an odd number andQ is even, exactlyN/2 in each of the
fragments cannot be attained with this model. Figure 10
lustrates with four snapshots one typical fission event for
case Cs100

41→Cs46
211Cs54

21 as a function of time and tem
perature. The two shades of gray in the graph have the
lowing origin. Once the cluster underwent fission, break
into two parts@Fig. 10~d!#, the atoms in each fission frag
ment were given different colors. Once identified, the ato
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FIG. 10. Snapshots along a computer simulation of the fission process of Cs100
41. ~a! T5190 K, time equals 30 ps;~b! T5600 K, time

equals 330 ps;~c! T5745 K, time equals 400 ps; and~d! T5750 K, time equals 430 ps.
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were given the same color in the other three graphs@Figs.
10~a!–10~c!#. As is apparent, the atoms that accommodate
each fission fragment were distributed randomly in the ini
stages of the simulation at low temperature. A challenge
the future is to describe the charge distribution and its ti
dependence in a more detailed fashion. Work is in progr
along those lines.

It is possible to combine our results for the alkali met
in a more unified fashion and compare them with a vers
of the LDM in which the parametersnc and es are taken
from our results. The energy barrier/atom that a cluster ne
to overcome for fission is given in the LDM~Refs. 9 and 17!
by

Vf
LDM598esN

2/3~12nc /N!3/135, ~14!

wherenc is given in Eq.~13!. In the LDM, the critical sizes
are obtained by equating

Vf
LDM5uENu . ~15!

Here EN is given in Eq.~9!. This procedure yieldsNc
LDM

520, 37, and 61 for Na; 24, 39, and 58 for K; 22, 39, and
for Rb; and 25, 36, and 64 for Cs, corresponding toQ
521, 31, and 41, respectively. These values are far o
from both the MD results forNc ~Table IV! and experiment.
In fact the LDM is more successful in the prediction ofnc
than in the prediction ofNc .

In the process of heating we are providing external th
mal energy to the cluster that results in an increase of
temperature. Thus the increase of cluster temperature du
the heating process is proportional to the energy barrier/a
Vf that the cluster has to overcome in order to undergo
sion:

Vf~Na ,Q!5cf@kT~Na ,Q!2kTref#, ~16!

wherecf is a constant,T(Na ,Q) can be extracted from Figs
9~a!–9~d!, andTref is approximately 150 K~initial tempera-
n
l
r
e
ss

n

ds

1

r-
ts
ng
m
-

ture before the heating process started!. The results of Figs.
9~a!–9~d! can be replotted under the perspective of Eq.~16!.
These shifted plots are given in Fig. 11, wherecf51. The
solid line in this figure corresponds to the LDM fission ba
rier Vf

LDM/N @Eq. ~14!#, wherees and nc were taken from
Tables III and IV, respectively. As is apparent from Fig. 1
the LDM results are only in fair agreement forQ52, but fail
for higher charges and heavier atoms.

FIG. 11. Cluster temperature vsN21/3 for multiply charged Na,
K, Rb, and Cs clusters.Q52 ~triangles!, Q53 ~closed circles!, and
Q54 ~pluses!. The solid lines are the LDM from Eq.~14!.
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In addition, from the results ofNc tabulated in Table IV,
one can seek the relation betweenNc(Q) and Q. Let us
propose

ln Nc5ac ln Q1bc , ~17!

where ac and bc are constants. We obtainac52.2. This
value is in excellent agreement with experiment,4 where a
value of 2.3 was obtained. The Rayleigh classical mac
scopic value is 2~Ref. 56! and the averaged LDM value i
2.07.

All previous results indicate how important the therm
effects in the fission mechanism are. The thermal effects
a result of the atomic motions. The shell term has no eff
on the fission mechanism. Furthermore, the dynamical
scription incorporates entropic effects that are absen
quantum mechanical calculations. Thus we emphasize
the fission process cannot be described solely at zero
perature.

VIII. SUMMARY

In this paper, we have constructed a series of poten
for the alkali metals from first-principles calculations. Th
potentials are shown to be very good in describing the st
tural properties of bulk metals and clusters in the size ra
8,N,310. The lattice constant, melting temperature,
vibration modes, the bulk modulus, and Gru¨neisen constan
are in agreement with available experimental values.
P

y

o-

l
re
ct
e-
in

hat
m-

ls

c-
ge
e

e

have also obtained the binding energy, zero point ene
and free energy at various temperatures and cluster s
The surface energy is calculated from cluster propert
which leads to a different method to obtain the surface t
sion at zero temperature.

The mechanism of fission due to highly charged me
clusters in the range 10,N,160 was studied dynamically
Clusters undergo fission by breaking into two parts, in s
port of the symmetric fission concept. We show that the
pearance size of highly charged clusters is temperature
pendent and bounded betweennc , the spontaneous size a
T50, andNc , the critical size atTc . The comparison ofNc
with experimental values is excellent. In addition, our valu
of nc are in good agreement with the LDM when our val
of the surface energy is used. We predict the size depend
of the energy barrier to undergo fission and explicitly sh
the failure of the LDM to describe it. Critical sizes scale wi
a power law of the total charge, with the exponent being
excellent agreement with experiment.
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