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The IR absorption coefficient for diatomic impurities dissolved in liquid solutions is 
~alcul~ted from a 3D model Hamiltonian. The liquid atoms surrounding the 
I~PU?ty form ~ cage that hinders strongly the molecular rotation reducing it to a 
~lbratI?nal. mot~on. The :oupling between the collective motion of the liquid and the 
Impunty-hbratlonal motion generates the libron-phonon interaction. The shifts and 
broade~gs of the IR spectral lines are calculated on the basis of linear response 
theory with a proper connected diagram analysis. Recent experimental IR 
measurements for CO and CIF in liquid argon are analyzed in terms of the present 
theory and the strength of the libron-phonon coupling for such systems is reported. 

I. INTRODUCTION 

There has been considerable interest in the study of 
the librational motion of molecular impurities in dense 
media due primarily to the desire to account for the 
appropriate mechanisms of interaction. Much of the 
experimental work has been the use of near IR spectros­
copy of diatomics in dense gases, I liquids,2.3 or trapped 
in solid matrices.4 Experiments on solutions were per­
formed by Buontempo et al. 2 and Chandler and Ewing3 
for CO in liquid Ar at 97 and 85 K and by Naulin et al. 5 

for CIF in liquid Ar, N2, and O2 at various temperatures, 
among others. In liquid solutions, all measured IR ab­
sorption spectra show a broad central band and two weak 
shoulders towards the high and low frequency regions. 

In this paper, we concentrate on the IR absorption 
theory of polar diatomic solutes with large moment of 
inertia in nonpolar liquid solvents. Recently Berens and 
Wilson6 proposed a fit for the near IR spectra of gaseousl 

and liquid2 solutes in Ar based on a molecular dynamics 
calculation with ad hoc quantum corrections. Another 
model used recently for molecules trapped in solid matrices 
was the pseudorotating cage of Manz.? The existence of 
a cavity gives the static effect of the matrix neighboring 
atoms surrounding the impurity. 

Dynamical approaches of diatomics in liquid solu­
tions started with Robert and Galatry.8 They used a cage 
model to mimic the liquid structure perturbing the mo­
lecular orientation within a quantum formulation. The 
atoms in the liquid surrounding the impurity are viewed 
as a thermal bath represented by a fluctuating potential. 

0) Permanent address: Instituto de Fisica, Universidad Nacional Aut6noma 
de Mexico, A.P. 20-364, 01000 Mexico, D.F., Mexico. 

This approach allows them to obtain the IR spectrum of 
HCI in liquid CC4 after fitting various parameters. More 
recently, Mauricio et al.9 again used the idea of molecules 
in cages. This is a 2D dynamical model in which the cage 
interacts with a viscous isothermal bath through an 
indirect coupling between the librational motion of the 
molecule and phonons. These approaches do not give a 
microscopic description of the different interactions taking 
place in the system, but rather supply phenomenological 
descriptions. Other approaches better suited for solvents 
at room temperature and/or molecules with small moment 
of inertia, couple the molecular rotation to the environ­
ment via a stochastic potential,1O or use rotational diffusion 
arguments. II 

The model described in Sec. II pictures a diatomic 
molecule placed in a moving cage created by the sur­
rounding atoms in the liquid. The cage effect is such that 
the rotation of the molecules is strongly perturbed resulting 
in a libration. This angular motion is coupled to the 
collective modes of the liquid giving rise to the libron­
phonon coupling, as we have discussed previously in a 
I D treatmentY In Sec. III the absorption coefficient for 
liquid solutions is obtained in the linear response regime, 13 

whereas the 3D results for solid matrices are given else­
where. 14 The Green's function of the dipole moment is 
calculated via the proper connected diagram analysis. 15 

Finally, in Sec. IV we give a comparison of the resulting 
expressions with two experiments and conclude with a 
brief discussion. 

II. MODEL 

Let us consider a solution of diatomic polar molecules 
(D) in simple liquids at low temperatures. We assume 
that the liquid surrounding D generates a cage that 
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strongly hinders D's rotation. Inside the cage, D is in a 
minimum energy configuration when the internuclear 
radius r is along the z direction as shown in Fig. 1. We 
further assume that the interaction molecule cage is strong 
enough to reduce D's rotation to a libration. This as­
sumption should be good when the molecular moment 
of inertia is large. At the cage center is D's center of mass 
anchored in such a way that an instantaneous position of 
D is given by x, y, z (Fig. 1). We describe the above 
model in cylindrical coordinates fixed in the molecule, 
with the z axes along r when the molecule is at rest. Since 
for small angular displacements between rand z, the 
moment of inertia along z is very small, D's kinetic 
energy can be written as 

1 
T M = -2 - (Vx + d + Ilr), 

mAB 
(1) 

where Px = mAnX, Py = mABY, Pr = mAB; and mAB 
= mAmB/(mA + mB)' In a classical liquid, the collective 
variables can be seen as normal modes for longitudinal 
sound propagation in a non viscous fluid. 16 The actual 
time dependence of these variables is given by hydrody­
namic laws, then they have long lifetimes. We can visualize 
these collective variables as oscillations of a chain of N 
- 1 atoms along the x' direction (Fig. 1). The cage center 
occupies the ith position in this chain and is allowed to 
translate as any other atom in it. The cage center is thus 
following the collective behavior of the liquid. The total 
kinetic energy is 

(2) 

The interaction between D and the liquid is accounted 
by (I) the formation of the cage that hinders D's rotation 
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FIG. I. Geometry of the molecule in its environment. S is the coordinate 
system fixed in the molecule. S' is the coordinate system chosen as to 
have the x' axes along the k phonon vector direction. The S' origin is 
arbitrarily displaced from the S origin. 

yielding a libration, and (2) the coupling of this libration 
to the collective coordinates. The potential energy is 
consequently expressed in the fixed system of coordinates 
as 

+ V4(di.i- l , di+ l.i , x, Y; r), (3) 

where VI gives the liquid potential, V2 stands for the 
intramolecular energy responsible for the molecular vi­
bration of frequency w" V3 represents the effect of the 
liquid in creating the cage and V4 is the coupling between 
the librational motion and the liquid (libron-phonon 
interaction). This last function depends parametrically on 
the molecular interatomic distance r. The set of vectors 
{ds.s-d are the nearest-neighbor distances X~,s-I == x~ 
- X~_I between two atoms projected onto the coordinate 
system fixed in the molecule (see Fig. 1). Among these 
distances are included those between the molecular center 
of mass and its two atomic neighbors. 

Let us assume that (1) the longitudinal phonons are 
not perturbed by D, much in the same way as discussed 
previously;12.17 (2) V3 represents two harmonic potentials 
of the angular displacements (libration) with frequencies 
Wx and Wy • These angular oscillators are not coupled to 
the molecular internal vibration of frequency W r ; (3) 
anharmonic terms in x and y will not be considered since 
we are concerned only with transitions deep into V3 well; 
and (4) V4 is Taylor-expanded up to second order in the 
angular and translational displacements, 

V4 = L k~(di+l.i - di.i- I )· .:111, (4) 
~ 

where 11 = x, y and .:111 is a vector with components ax, 
.:ly standing for the librational displacements and k~ 
= (IPV4/iJxI+1,lJ1I). The Be and 'Pe dependence of Eq. (4) 
is eliminated only at the end of the calculation. In the 
past, we have shownl7 that the coupling between the 
molecular internal vibration and phonons is very small, 
so in Eq. (4) terms proportional to .:lz -- .:lr were 
neglected. 

Summing up, the system looks like an unperturbed 
set of three harmonic oscillators with frequencies wx , Wy , 

and Wr plus a phonon field coupled via V4 to give H 
= Ho + Hint. In second quantization the unperturbed 
Hamiltonian can be written as 

and the libron-phonon interaction term as 

Hint = L A~ L Fik)(W" + ht)(a~ + a~), (6) 
~=x,y k 

where 

( 
h )1/2( h )1/2 

A =k --
~ ~ 2mAnW~ 2mwD 

with WD the Debye cut-off frequency and 

2 ( )1/2 F~(k) = Vi/cos ka - 1) :: f." (7) 
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with Ix = sin 01 cos CPI, h = sin 01 sin CPI, and a is an 
effecti,.ve lattice constant. In addition, the following trans­
formationsl2 were used 

and 

e-jlt.~ ( h )1/2 
Ax~ = L-- -- (~+ bit) 

It fN 2mwlt 

( 
h )1/2 

A." = 2 (a~ + a.,). 
m,tlJW" 

(8) 

The operators a:, a", ~,b.. satisfy the usual boson 
commutation rules. 

In the coordinate system fixed in the molecule the 
dipole moment components are 

A." 
M" = lL(r) -, ." = x, y, z, 

re 
(9) 

with lL(r) = J.to + ILIAr and re being the equilibrium 
intermolecular distance. As we have assumed that the Az 
displacements are mainly Ar, the z component of the 
dipole moment is just lL(r). By rewriting Eq. (9) with the 
help of Eq. (8) the dipole moment operator is given by 

M" = m:a~ + m;a" + m:+a~a: 

the weak coupling approximation we can evaluate G ",(M" , 
M,,) in terms of second-order proper connected dia­
grams. IS,19 This approximation is good if the density of 
impurities is low and the libron-phonon interaction is 
small. Using this approximation r becomes 

, e-fJ(Ho-J·.) 

Po = Tr{e-fJ(Ho-J'D)} (15) 

and (K - Z)-I transforms into (Ko - z - b)-I when one 
introduces the identity 

b lE Kint(Ko - z - b)-IKint . 

Then, Eq. (13) can be written as 

G.,(M",M,,) 

= -i ~~ ~~ (v21(:~:)~JVI) 
X (vII(Ko - z - b)-IM"lv2) . 

(16) 

(17) 

The summation runs over the VI, V2 states of the three 
molecular oscillators with eigenvalues 

E~J = ~ hw,,(nfq + !), (18) 
fJ=X9y,r 

+ m~-a~ a, + m;+ a"a: + m;-a"a" (10) j = 1,2 and nfq = 0, 1,2, .... 

where ." = x, y, z and the constants m's are defined in 
the Appendix. An expression similar to pq. (10) is obtained - ~ 
for the current density operator J = M when the m's are 
replaced by the j's defined in the Appendix as well. 

III. ABSORPTION COEFFICIENT 

When an external and oscillating electric field of 
frequency w is applied to the system described in Sec. II, 
the absorption coefficient is given byl2,1S 

( ) _ E~ w "" "( a w - - 3" V L.J G., M", M,,), 
,,=X,y,Z 

(11) 

where Eo is the amplitude of the incident radiation, v is 
the volume ofthe system and G~(M", M,,) is the imaginary 
part of the Fourier transform of the dipole moment 
Green's function: 

G(M,,(t), M,,) = -ih-IO(t)([M,,(t), M,,]). (12) 

Here M,,(t) is the dipole moment ."th component in the 
Heisenberg representation, OCt) is the Heaviside function, 
and ( ••• ) means the canonical ensemble average. 

According to Kubo's formula l3,Is we can write G.,(M", 
M,,), the Fourier transform of Eq. (12) as 

G.,(M", M~) = -i lim 00, Tr{r '"'" ~ M,,}I ,(13) 
.-0 U" .n Z U~O 

where 

P' = Z-le-fJ(H-J'U) (14) 

and where z = w - iE, J is the current density, u is a 
constant vector, K is the Liouville operator KO = [H, 0] 
denoted by script and Z = Tr exp[ -f3(H - J. u)]. Within 

Upon substitution of Eq. (10) into Eq. (11), and 
considering only resonant terms, the absorption coefficient 
is reduced to three components: 

(19) 

each one corresponding to a correlation function as 
follows: 

-( ) __ E~ ~ "" ( +)2G"( + + a w - 3 L.J m" ., a" , a,,), 
v,,_x.Y.' 

E2 w 
a+-(w) = - 3

0 V L (m;+)2G~(a.,a:, a.,an, 
"~X,Y 

E2 w 
a--(w) = - --f v L (m:+)2G~(a:a:, a:a:>. (20) 

"-X,Y 

In order to solve Eqs. (20) we need Eq. (17). The 
matrix elements in Eq. (17) can be evaluated using the 
procedure of Ref. 19. We find that 

." = X,y, r, (21) 

7J = x, y, (22) 

and 

." =X,y. (23) 
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The h(vI) functions as well as the complex quantity B(vI) 
- -~(VI) - ir(vI) are given in the Appendix. The 
non vanishing terms in the VI summations might be 
different for each a. The function B(VI) contains all the 
dynamical information due to the libron-phonon inter­
action. lThe real part is connected with the shifts of the 
absorption lines and the imaginary part with the IR 
linewidth. The VI - (niX' nly, nlr) dependence in B(vI) 
includes all those states that can be reached in a dipolar 
transition. Since available experiments are spectra in the 
near IR region3,s we study the fundamental vibrational 
transition ° -+ 1. Once we fix nl r = 1, B(vI) reduces to 
B(nlx, nly, 1) in the near IR region of the spectrum and 
to B(nlx, nly, 0) in the far IR. If we further assume that 
the two librators x and y have the same frequency and 
the same coupling constant with phonons (wx = WY ' Ax 
= Ay), then the nix, nly dependence of B can be equiva­
lently given in terms of a single index n: 

B(nlx, nly, v) - B(n, 0, v) IE B(O, n, v), 

where n = 0, 1· • • and v = 0, 1. 
To obtain numbers out of the expressions for the 

different components (21)-(23) of the absorption coeffi­
cient we need to calculate B(vI) given in Eq. (AS). This 
equation has two summations, one runs over the "3 states 
and the other over k states. The first sum can be carried 
out explicitly in all the a(w). For simplicity, k summations 

I 

2 2 n ~ax wf(n, O, 1)(1 + n)e-flh",,,,, 

were performed within the continuous approximation 
using Debye's model, but other models for the longitudinal 
phonon density of states could have been used. The 
following results were obtained. 

B(n, 0, v) = -~(n, 0, v) - if(n, 0, v), 

where v = 0, 1 and 

18 
~(n, 0, 0) = -Ai - [-(n - 2)ft2flx - fl) + nft-fl»), 

"D 

1811" 
r(n, 0, 0) = Ai - [-(n - 2)g(2flx - fl) + ng( -fl»), 

"D 

(25) 

1811" 
f(n, 0, 1) = Ai - [(n + 2)g(flx) + ng( -flx»)' (26) 

"D 

f(fl) = t I(COS 211"1 - 1)2 (e'\'l - 1)-ldl, 
J-. fl - 1 

g(fl) = fl(cos 211"fl- If(e'\'l1 - 1)-1, (27) 

with "y = eDIT, hWD = kJijD; kB is Boltzmann's constant 
and aD is Debye's temperature. Going back to Eqs. (20), 
we now obtain the final result for the absorption coefficient 
components 

far IR 

+ AILI'o LJ 2 2 
n=O [wr + ~(n, 0, 1) - w) + f (n, 0, 1) 

+_ 2 2(Xo)2 -flh",,, n~.. wr(n, 0, 1) (n + 1)(n + 2) e-flh",,,,, 
a (w) = AILI'o - e LJ 2 2 'e n=O [wr - Wx + ~(n, 0, 1) - w) + f (n, 0, l) 

near IR, 

__ 2 2(Xo)2 n max wf(n + 1,0, 1) (n + l)(n + 2) e-flh",,,n 
a (w) = AILI'o - L 2 2 'e n=O [wr + Wx + ~(n + 1,0, l) - w) + f (n + 1,0, 1) (2S) 

where we have defined A == Ea/3v, assumed Wx = Wy 
~ w" and (3 = llkBT. 

The near IR spectrum profile is given by the last 
term of a-(w), a+-(w), and a--(w). Each of these functions, 
as shown in Eqs. (2S), is a superposition of nmax terms as 
indicated schematically in Fig. 2. In this spectral region, 
each term in the n summation is a Lorentzian-like 
function, because ~ and f are slowly varying with w. The 
Lorentzian maxima and widths depend on both the 
librational frequency Wx and the libron-phonon coupling 
Ax. The envelope of nmax Lorentzians in each of the three 
absorption coefficient components of Eqs. (28) give the 
final shape of this spectrum. In the far IR [first term of 
a-(w») the functions ~ and f are not slowly varying with 

wand consequently the terms in the n summation are 
not Lorentzians. 

In the far, as well as near IR, the functions ~ and f 
are temperature dependent according to Eqs. (26). Notice 
also that each term in the summations of Eqs. (28) is 
modulated by a Boltzmann factor. In the range SO-120 
K, and for elements with aD in that temperature region, 
f and A dependence with T is small. This means that 
most of the temperature dependence is due to the expo­
nential weights, i.e., for each Lorentzian in the first term 
of a-(w) the width decays exponentially with liT: 

fn -- f(n, 0, 1)(1 + n)exp(-hwxnlkn. (29) 

J. Chern. Phys., Vol. 82, No.4, 15 February 1985 

Downloaded 14 May 2011 to 129.174.55.245. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions



1776 GarzOn. Blaisten-Barojas. and Fujita: Libron-phonon coupling and IR spectra 

L 

" n .. =4 1 
!I n",=2 

" 
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I 

: n,,=4 
I : 

nu=2 
n.=o 

I I' 

i I ~ I; Ii 11 lp 
I ' , I I' 

"+-Wx "+ Wr+WI( W 

flG. 2. Schema of the transitions contributing to the absorption coefficient, 
Eq. (28). Full lines represent terms summed in a-(w), dashed lines 
correspond to terms summed in a+-(w), and dotted lines to terms 
summed in a--(w). The heavy doubled arrowed lines indicate librational 
levels connected through the Iibron-phonon coupling that contribute to 
the functions ~ and r. 

Examination of the envelope width is more involved, 
since for different systems the nmax Lorentzians will be 
centered at different frequencies. 

The parameters in Eqs. (28) are three, the librational 
frequency wx , the libron-phonon coupling constant Ax, 
and the n maximum value nmax • The latter indicates the 
number of librational transitions before D starts to rotate 
freely, i.e., nmax is a measure of the cage potential barrier 
Vo since nmax - 1/2 < Vo/hwx < nmax + 1/2. Whenever 
Wx has a small value, the nmax terms in Eq. (28) will be 
sharp and closely spaced giving a structured envelope. 
Larger values of Wx tend to smooth over the band profile. 
For fixed wx , the widths and shifts towards the red of the 
terms in the central and high frequency components 
increase with increasing Ax. On the basis of this calculation 
these parameters can be fitted to experiments where the 
high orientation sensitivity of the solute has a prevailing 
importance in determining the absorption band profile. 

IV. COMPARISON WITH EXPERIMENT 
AND DISCUSSION 

The criterion that we follow for the parameter fit is 
to reproduce the position of the central peak as well as 
its width for only one temperature. The latter is chosen 
to be near the solvent eD • Here the parameters were 
changed one at a time until obtaining a reasonable 
agreement. A more refined statistical analysis of the data 
is possible and would be very convenient if one would 
have the original experimental data. 

Chandler and Ewing3 measured the absorption coef­
ficient for CO in liquid argon. Naulin et al. s performed 
similar experiments for CIF in Ar solution. Both experi­
ments were carried out near 85 K. The CO-Ar system 
exhibits a maximum band with a weak broad shoulder 
towards the high frequency region, whereas only one 
band is clear in the ClF-AT case. We choose these two 
examples because they correspond to two molecules with 
different moment of inertia in liquid argon at a temper­
ature very close to the latter eD = 85 K.20 The theoretical 

model should be better for the CO-Ar system, since CO 
is lighter than the solvent and has a large moment of 
inertia. Figure 3 depicts the experimental bands (upper 
curves) and the theoretical curves generated with the 
parameters of Table I (lower curves). 

If the spectrum of CO in Ar is recalculated at higher 
temperatures but using the set of parameters already 
obtained, then the band will be broader and less shifted 
towards the red. At 97 K the calculation compares very 
well to the results of Buontempo et al., giving a band 
very similar to that shown in Fig. 3(a) but shifted and 
wider by 1 cm -I. These authors also reported results for 
CO in liquid N2 at 84 K. We might attempt a comparison 
to this other solvent, although we know that now the 
previous parameter fit will not be adequate, since N2 is a 
different solvent than argon. Furthermore, N2 is a molec­
ular liquid, has quadrupole and induced absorption and 
its aD = 79 K. Such trial yields a wider band than in the 
argon case, which is the correct behavior. 

The fit to the experiment of Naulin et al. was done 
only for 3sClF, the lighter isotope. Using the parameters 
from this fit, we calculate the band corresponding to the 
heavier isotope 37ClF, obtaining agreement as can be seen 
in Fig. 3(b), although the whole profile for this case is too 
structured. Changing the temperature in the 70-120 K 
range, and keeping the parameters as reported in Table 
I, we can also reproduce the envelope maximum and 
width temperature dependence: the band is shifted by 
about 1 cm- I and the broadening decreases with decreasing 
temperature. In addition to CIF in argon, Naulin et al. 
achieved experiments of this solute in liquid N2 and O2. 
They pointed out from their results that in these solvents 
there might be interactions yielding associated species 
such as CIF-N2. Such effects are not included in our 
solvent cage approach, thus further comparison is not 
realistic. 

When the molecule reaches an energy greater than 
Vo, it has an almost free rotation within the liquid 

a(w) a(w) (b) 

a(w) 

2100 

FIG. 3. Near IR absorption bands of (a) CO in Ar at T = 85 K; the 
upper curve is the Chandler and Ewing (Ref. 3) experiment, the lower 
curve is our result. (b) ClF in Ar at T = 83 K; upper curve corresponds 
to the measurement of Naulin et al. and lower one is our result. 
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TABLE I. Constants and parameters obtained from the fit of Eqs. (28) to the IR absorption of CO and 
CIF in liquid argon. For Ar aD = 85 KlO. 

Ill" (em-I) nmu Vo (em-I) Xx (em-I) Ill, (em-I) '. (A) mAlI 

CO 7.5 4 34 1.8 2143.5" 1.128" 7.2" 
3sOF 2.5 6 16 0.5 773.Sb 1.628b 12.2b 

" Reference 21. 
b Reference 22. 

solution. Such rotational spectrum is not included in the 
calculated bands of Fig. 3, but should be responsible for 
part of the wings in the experimental lines. 

According to the parameter values obtained by fitting 
the experiments, we can say that the libron-phonon 
strength is small (about 0.5-1.8 cm- I

) but enough to 
produce a measurable shift and broadening of the spectral 
lines. As in the calculation we considered only the har­
monic approximation for the interaction Hamiltonian, 
effects such as anharmonicities in the static cage potential 
or higher order terms in the libron-phonon interaction 
were neglected. These terms may have an influence in 
systems where Vo is larger than what we obtained here. 

The far IR spectrum for CO in liquid argon at 90 K 
predicted by our theory with the values wx, Ax, and nmax 

of Table I is sketched in Fig. 4. The intense broad band 
at 1/ -- 50 cm -I is a superposition of n dependent 
functions, not Lorentzians, due to the strong n dependence 
of I'(n, 0, 0) and ~(n, 0, 0) in this spectral region. Here 
again, our results are in agreement with the measurements 
of Buontempo et al.,2 although to truly compare with 
experiments in the far IR, we should include the perturbed 
rotational spectrum above Vo, as well as the effect of 
quadrupole transitions. 

The spectrum of pure liquid CO at 80 K is very 
similar to that reported for solutions of CO in noble-gas 
liquids or in N 2•

23 As already discussed in this section, 
the shift and width of the band centered at the diatomics 
v = 0 ...... v = 1 vibrational transition is a consequence of 
the libron-phonon interaction. Subject to certain modi­
fications, the same framework can be extended to include 
cage effects when the solvent is a molecular liquid. The 
largest modification might come from the libron-phonon 
coupling since collective variables other than translations 
can occur in molecular liquids. 

a(w) 

CO-Ar 

o 20 40 

FIG. 4. Dipolar contribution to the far IR spectrum of CO in Ar as 
obtained from this calculation using the parameter values given in Table 
I. 

In summary, the IR spectra of diatomics in simple 
liquids can be interpreted in terms of the coupling between 
the diatomic libration and the liquid collective motions. 
The coupling constant values extracted from experiments 
are small, confirming the hypothesis that the libron­
phonon coupling is indeed a small perturbation. Moreover, 
the values obtained for the librational barrier Vo are of 
the order of magnitude of those reported in the litera­
ture.4•24 

The present approach has the merit that although it 
contains three parameters they have a precise meaning: 
Wx and Vo are the librational frequency and height of the 
static potential, and Ax is the libron-phonon coupling. It 
represents an improvement over phenomenological treat­
ments, classical calculations with quantum corrections, 
or theories that consider only the static contribution of 
the cage. This study suggests the need of more absorption 
experiments in the far infrared region. Once the parameters 
are obtained from the near infrared spectrum, the dipolar 
contribution to the absorption in the far infrared region 
can be predicted. If more detailed experimental data were 
available, this calculation could be improved by taking 
into account additional terms in the libron-phonon in­
teraction, two phonon processes and more realistic phonon 
frequency distributions. 
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APPENDIX 

The constants in Eq. (10) for 71 = x, yare given by 

(AI) 

where 710 = (h/2mAJJW.,,)1/2 and '0 = (h/2mAJJWr)I!2. When 
71=Z 

(A2) 

The current density operator expression analogous to Eq. 
(10) is 

J." = j~a~ + j;a." + j~+a~ai 
+ j~-a~ ar + j;+ a."ai + f;'- a."aT> (A3) 
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where for 11 = x, y, 

r = -r = iJLo 110 W ., ., rt!'" 

._+ .+_ .1'1 h [(wr)1/2 (W.,) 1/2] )., = -)., = ,--- - - - , 
rt! 2mAB w., Wr 

.++ .__ .1'1 h [(wr)1/2 + (W.,)1/2] )., = -)., = ,--- - - , 
rt! 2mAB w., Wr 

(A4) 

and for 11 = z 

(A5) 

The functions h(JlI) in Eqs. (21)-(24) are given by 

(A6) 

where 11 can take the three values x, y, or r. Also 

but with 11 = x or y only. Equation (18) gives the 
expression for E.I • The expression for B(JlI) is given by 

B(JlI) = ~ ~~ ~ ~ (l + n">{('Ykb[hthl - A 31 ,12('Yt)121 
.,-x,Y k'3 

+ ~ ~~ ~ ~ nk{ht)I3[('Ykhl - A 31 ,d'Yk)121 
.,-x,Y k'3 

1 
X . 

E32 - Wk - W + la 

(A8) 

Here A31,I2 = (A.,h./(A.,)12, 'Yk = (WD/Wk)1/2F.,(k)(a; + a.,), 
and where A., is either a;, a; a1, or a.,a1 and nk = (ePII"'k 
- 1)-1. 
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