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DEPENDENCE OF THE SPECIFIC HEAT ON THE SPECTRUM FLUCTUATIONS
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We obtain exactnumericalvaluesfor the specificheat atlow temperaturesof a setof systemsof independent
fermionswhosesingle particleenergylevelsfollow a Poisson,PicketFence,UncorrelatedWignerandGaussian
OrthogonalEnsemblestatisticaldistributions.Our resultsarecomparedwith the approximateonesobtainedby
Denton,MuhlschlegelandScalapino.

Considera setof N quantumsystems,eachcon-
taining a fixed numbern~°~(ci = 1, ..., N) of indepen- I
dentfermions.The independent-particlespectrumhas

an averagespacing6 betweenadjacentlevels. The
thermodynamicpropertiesof thesetofN quantumsys- PF

temswill dependon thedetailedpropertiesof their
spectra,if the typical thermalenergykBT is of the
orderor lessthan6, wherekB is Boltzmann’sconstant / \

andT is thetemperature.In otherterms,when0 = 6L ~
kBT/6 ~i 1, suchpropertiesasthe specificheatatcon-
stant volume Cv will dependon the spacingdistribu-
tions obeyedby theN spectra.This wasfirst notedby /
Kubo [1], whenhe discussedtheproblemof small /
metallic particlesat low T, which we shall mention /
towardstheendof this note. /

It is our intention hereto computeCv for setsof / \ \
systemswith different spectrumfluctuationproperties, ‘N \
but all with thesame6: asetcorrespondingto a corn- /
pletelyrandomsequenceof levels,which implies a /
Poissonspacingdistribution [2] ; anotheronewhich //
hasthesamespectrumfluctuationsasthe Gaussian o ~

- ~s 2~ 3 4
OrthogonalEnsembleof randommatrices(GOE) [2];
anda setfor which thespectrumconsistsof aPicket Fig. 1. Distributionof thenearest-neighborspacingss = E~~1
Fence(PF), i.e. a sequenceof equally spacedlevels. Ei, measuredin termsof the averagespacing6, for the

The correspondingnearest-neighborspacingdistribu- Poisson(P),Wigner (W)and PicketFence(PF) cases.HereE~

are thesingle-particleenergiesandx = s/i -
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M~xico. tions areshownin fig. 1. Our calculationwill be re-
2 Work supportedin partby ProyectoNacionaldeCiencias strictedto valuesof 0 ~ 0.2,sincefor largervaluesthe

Básicas,CONACYT. detailedpropertiesof thespectrumaresmearedout:
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Fig. 2. ValuesofQ,,, = Cv/NkBversus6 = kBT/8 for a corn- Fig. 3. Comparisonof theresultsof this calculation(solid lines:
pletelyrandomspectrum(P),UncorrelatedWigner(UW), P,GOE) with thosereportedin Dentonetal. [5j (broken
GaussianOrthogonalEnsemble(GOE)and equally-spaced lines: ~D, GOED) for the specificheatG?~,in two different
spectrum(PF) cases.As the errorbarsfor UW andGOE are cases:PoissonandGOE.Kubo’s result [lJ for Poisson(UK)
of the sameorderof magnitude,only the latterareshown. is also shown.

for 0 � 1 all threecasesleadto thesamevaluesof Cv calculationis then feasible.We thereforeproceedas
andfor 0 ~ 1 the spectraappearto be continuousthe follows: a set of N spectrawith the appropriatespacing
bulk valuefollows [1]. distributionsis generatedby the computeranda suffi-

Since thenumberof fermionsin eachsystemis cient numberof single-particlestatesaroundtheFermi
fixed, thecanonicalensembleis appropriatedandthe level are takeninto accountsuchthat the S

1 are ob-
specificheat ~v is givenby [3] tamedwith a givendesiredprecision,which in the cal-

N culation reportedhere is 10—6.

e = C~= N~ ~ ~ — (s~)
2} ~ Theresultsof sucha calculationare shownin fig. 2

“ ‘~B (kBT)2a1 (S
0(a))

2 ‘ ~ ‘ for thePoisson,the GOEand thePicket-Fencecases.
The valuesgivencorrespondto an averageover systems

where with even-oddnumberof fermions.The errorbars
indicatedin the figureare due to thefinite sampling

sfcs)=~ , (2) of2000systems.Onecanseethat ev is largest for the
X first set of spectraand smallestfor theequallyspaced

with I = 0, 1,2. Herec~randg~are the energyand ones.This canbe understoodby a simple qualitative
degeneracyof the level X of the a-thsystemcontaining argument.At low valuesof 0 it is thespacingbetween
n(a) independentfermions As we areonly interested the Fermilevel andthe level immediately aboveit the
in low valuesof 0, the summationscanberestrictedto only one that mattersto determinee,,,. But,as is clear
a small numberof many-fermionstatesfor which only from fig. 1, the probabilityof finding a smallvalue for
a few fermionsare excitedoutsidethe Fermisea;the this spacingis largestfor the Poissonspectrum,inter-
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mediatefor theGOE caseandsmallestfor thedelta will bebetterthemore the spectrumresemblesit.
distribution. The orderingof thevaluesof ~ dueto From fig. 1, we then expecttheir calculationto be
the presenceof theBoltzmannfactor, then follows betterfor the GOEthan for thePoissoncase.This

accordingly. turns out to be true,aswe canseefrom fig. 3, where
We havealso given in fig. 2 the results for a fourth ourresults for ev arecomparedwith thoseof Denton

case,labelledUncorrelatedWigner (UW). Thesespectra et al. We also reportthe linearbehaviourpredictedby
aregeneratedin suchaway thatthe first nearest- Kubo [I] in thePoissoncase.
neighborspacingdistributionis identical to that of The resultsshownin fig. 2 are then importantfor
the GOE case;secondandhigherorderspacingsfollow thecomparisonwith experimentalvalues,sinceit is
the sameWigner distributionlaw but the spectrumis by no meansclearwhich spacingdistribution is the

generatedassumingno correlationamongspacings. correctonefor apowderof smallmetallic particles:
We canseethat thesecorrelationsarenot important in fact,we havegivenevidence[3] that random
at very low valuesof 0, whenonly thefirst spacing matricesdo not constitutean appropriatemodelto
entersin thecalculation,andthat the value of ev is representrandomsurfaceirregularitiesandthat a
largerfor UW than for GOE when0 grows. This is so Poissonspectrummight be thecorrectone. In any

becauseat very low 0 only onespacingmattersand case,our fig. 2 can be consideredas amorphologic
for both typesof spectrathemostprobableoneis, chartof specificheatcurves,which might be important
from fig. 1 , x 0.8; for higher0 thenext spacing for other quantumsystemsbesidesthepowderof
becomesimportant: for UW this is uncorrelatedwith smallmetallicparticles.
the previousone and,therefore,it is likely to occur

also at x 0.8. On theotherhand,for GOEthecorre- We would like to thankMr. R. Soto for somehelp
lation coefficientbetweensuccessivespacingsis nega- in the earlystagesof thecomputationand to the
tive [4] andequalto 0.27,which impliesthat the se- Centrode Serviciosde Cómputoof theUNAM, for
cond spacingis largerthan for the UW spectrumand making availabletheir computerfacilities.
thereforethecorrespondingcontribution to theBoltz-

mannfactorwill be lower in the GOE casethanin the
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